HELSON SETS WHICH DISOBEY SPECTRAL SYNTHESIS SADAHIRO SAEKI
ABSTRACT. In this paper it is shown that every nondiscrete LCA group contains a compact independent Helson set which disobeys spectral synthesis.
In [3] Let G be a LCA group with dual G. We denote by A(G) and PM(G) the Fourier algebra on G and the conjugate space of A(G), respectively. Each element of PM(G) is called a pseudo-measure on G. For / e A(G) and P £ PM(G), we define if, P) = (/ * P)(l) = fâ f(x)P(x-l)dy, where / and P denote the functions in L (G) and in L°°(G) whose (inverse)
Fourier transforms are / and P, respectively. If p £ M(G) and p(x) = fGX(x) dp(y) (x 6 G), then we denote by pP the pseudo-measure on G defined by the requirement (pP) = ¡i * P. It is well known that if P e PM(G) has compact support, then P can be chosen from the space C(G); we will always do this. For such a P, (¡1, P) = (¡i * P)(l) (¡m e M(G)) is well defined, and we have (y, yP) = P(y~ ly~ ) (y, y £ G The proof becomes clear after some lemmas and theorems are established. Then the elements y. = y ', 1 < j < N, have the required property.
Assume now that no y e G satisfies (1) . Then a = 0, G = H is compact and G is a torsion group. Therefore every finitely-generated subgroup of G is finite. But G is not of bounded order because G is an I-group (see Theorem 2. Let G be a LCA ¡-group and r a p s eudo-¡unction on G
whose support E is totally disconnected and metrizable. Then for each e > 0 there exists ave PF(E), with ||?v -r||PA, < i, whose support is a strongly independent H .-set.
Proof. Since f is uniformly continuous, we may assume that E is compact. Since E is metrizable, C(E) is separable, and so {/ £ C(E): \f\ = ll contains a countable dense set \g \. We may assume Card[g (E)] < oo for all 72, because E is totally disconnected.
Let í > 0 be given, and set rQ = r. Suppose that r , ■ ■ ■ , r _, £ PF(E) ate constructed for some natural number 72. We apply Lemma 3 to find a r £ PF(E) which satisfies (a), (b), and(c) in Lemma 3 with r,.e, g replaced by T _j, e/2", g , respectively.
The sequence \r }°? obtained in this way converges to some v £ PF(E) and we havê -ipM^Zll^-^Hp^e:. (ii) x* = I on some neighborhood of E (1 < ¡ < N).
Proof. We may assume that G is compactly generated. The following theorem can be proved by applying Lemma 3 just as Theorem 2 was proved. We omit the proof. Remarks, (a) For a characterization of Helson sets of (spectral) synthesis, we refer to [5] .
(b) The totally disconnectedness assumption on E in Theorem 2 is unnecessary. Let E be a closed metrizable subset of G, and r e PF(E). Then there exists a sequence \t \ in PF(E) such that supp r is totally disconnected and ||r -r||pA1 = o(l). We omit the proof.
